Numerical Methods llI:
Review of vertical
coordinates and vertical
discretizations

Michael Toy
Department of Atmospheric Science
Colorado State University

August 1, 2012 Colo&%g

University



Outline

e |ntroduction

* Vertical coordinates
* Overview of coordinate systems
e Terrain-following variations

* Vertical discretizations
e Hydrostatic relation
e Computational modes
e Accuracy of normal modes

* Quasi-Lagrangian coordinates



Unique aspects of the vertical
dimension

e Gravity acts along it

 Atmosphere highly stratified

e Vertical motion somewhat suppressed
e Gradients much stronger in the vertical

e |t's much colder 10 km straight up (-50 C, and
harder to breathe) than it is 10 km down the
road

 Boundary conditions at z = Zsyrface and z = oo

 Many different coordinate systems used to
measure it



Unique aspects of the vertical
dimension

e Distinct processes
e Convection

 Boundary layer (and interaction with free
atmosphere)

e Radiation
e \Waves



Unique aspects of vertical

discretizations
Model top
Z=00 "7
e There’s always work to S
do . .

e i.e., hydrostatic relation . S
must be satisfied fora ¥ B — -
motionless atmosphere o -

e Staggering = == T R f;f;
considerations : E

e Boundary conditions :




Various vertical coordinates used in atmospheric models
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Z-coordinates

Nonhydrostatic
dynamical cores

5 prognostic variables/equations

D

=, fkxv=——V p Horizontal momentum
Dt o,

D 19

LA g Vertical momentum
Dt P 0z

ap 0 L
— | +V_-(pv)+—(pow)=0 Mass continuity
ot ). 0z

DO O

= Thermodynamics



Z-coordinates

Hydrostatic
dynamical cores

4 prognostic variables/equations

Dv

—+ fkxv=-—V_p Horizontal momentum
Dt 0
10
0=-——2L_ g Hydrostatic relation
p 0z
ap 0 L
(—) +V_-(pv)+—(pw)=0 Mass continuity
ot ). 0z
D6 QO

= Thermodynamics



Z-coordinates

Dz
Computing the vertical velocity W= Dr
Nonhydrostatic Ve Hydrostatic
dynamical cores ' dynamical cores
Predicted Diagnosed
ﬂ —la—p—g w——fV de—lfl(B+J dz+—dez
Dt p 0z Y o P p 0
where
* Hydrostatic DC'’s rarely use z- f dz_de“fV vds
coordinates due to difficulty of w g Yol S5
diagnosis. _1dz
e Examples: rof
Kasahara and Washington (1967) J=v-Vp-g[V-(pv)dz

DeMaria (1995 !
eMaria ( ) Richardson’s equation



Vertical coordinate transformations
nx,y.z,t) — z(x,y,n,1)

Transformation rules:
d dn d
dz 0z dn

a) (a) (oz) an o

ot), \at) \or) oz om

V.=V, Vzana
T 0z on

an

0z

Dn (dn
Dt ot

Generalized vertical velocity: n=—= —) +v-Vn+w—

Note: Usual velocity components (u,v,w) j
retained as well as unit coordinate vectors i,j,k .



Compressible Euler equations in a
generalized vertical coordinate (#)

6 prognostic variables/equations

Dv | 1 o
—+ fkxv= ——Vnp+——anZ Horizontal momentum
Dt o, m on
Dw 1 p 2-term horiz.
—=————g pressure Vertical momentum
Dt moan gradient !!!

om 0 . d
(—) +V, (mv)+—(mn)=0 m= p—Z Mass continuity
DO O new mass variable

= (pseudo-density) Thermodynamics

Dt

Dz _ w o z1s predicted Geopotential height

Dt prediction



Pressure coordinates

n=—p
Nonhydrostatic Vs Hydrostatic
dynamical cores ' dynamical cores
1
& — _l —-g Vertical momentum m=—-——
Dt m mass is a constant g _
single-term single-term
s HPGF HPGF
V
—+ fkxv=—V z| Horiz. momentum ﬁ+kav=—gv Z
Dt m_" Dt p
om 0 Jdw
— | +V, (mv)+—(mw)=0 Continuity V -v+—=0
g diagnostic . .
continuity Ver.tlcal. velocity
Vertical velocity @ easily diagnosed

difficult to diagnose W= p= —f \% vdp



Hydrostatic pressure (a.k.a. mass)

coordinates
n— U

Jr(x,y,z,t) = jp(x,y,z',t)gdz’

* j.e., the mass of air above a given height
* For a hydrostatically balanced atmosphere, this is the
pressure p
* Whether hydrostatic or not, this gives
 a pseudo-density of constant value m = p dz/dn = -g -/
| , o , a7t
e a diagnostic continuity equation Vﬂ v+ —=0
07T
e a vertical velocity which is easily diagnosed as I = —f Vﬂ vdm



|Isentropic coordinates
n==0

Rfe,
O=c L where TI=c | £ (Exner function)
P H P po
* The vertical velocity is proportional to the j = D6 QO
diabatic heating - Dt 1

* For an adiabatic atmosphere, the “vertical motion™ is zero and
coordinate surfaces are material surfaces (a quasi-Lagrangian

vertical coordinate)
e This minimizes the error associated with vertical advection

* Ertel’s potential vorticity can be explicitly represented as the
model winds lie along isentropic surfaces

* \Wave momentum transport occurs via isentropic form drag as
opposed to eddy fluxes



Isentropic coordinates
n=20

* In nonhydrostatic models and high horizontal resolution,

negative static stabilities and turbulence present a challenge
(more on this later)

Height (km)

x (km)

Vertical cross-section of isentropes
associated with a breaking mountain wave



Summary of vertical
coordinate overview

Suitable Not preferred
(difficulty in diagnosing w)
ot preferred Suitable
(difficulty in diagnosing w)
Suitable Suitable
(identical to p-coordinate)
Suitable |
(challenges with fine-scale SU|tab|e

turbulent flow)




Representation of topography

a) Step topography h) o-coordinates c) Shaved cell

77777777777 "

FiG. 1. The representation of a smoothly varying bottom (dashed line) in (a) a height coordinate model
using step topography, (b) a terrain-following coordinate model, and (c) a height coordinate model with

piecewise constant slopes. _
Shaved (or “cut”) cell methods are emerging, e.g.,

e Adcroft et al. (1997)

Steppeler et al. (2002) (DWD Lokal-Modell)
Walko and Avissar (2008) (OLAM model)
Yamazaki and Satomura (2010)

Lock et al. (2012)

Figure from Adcroft et al. (1997)



Terrain-following (o) coordinates

O = ﬁ Phillips (1957)
Ps
0O —0
— —
o =1 /\ Ds
Advantages: Disadvantage:
 Lower boundary is a coordinate ¢ Large discretization error in
surface horizontal pressure gradient
e Simple lower boundary force for steep topography
condition -- (p) =0 1
o-! -8V, 2=-8V,2-—V,p

o



Terrain-following (o) coordinates

P

Ps

//:519:—\/%&

P—

o I, 1
—-gV z=0= —gvaz—;VGp

0 = _gvgz_lvap

,O
The discrete forms of these %

terms don’t necessarily cancel

O




For more information on the horizontal pressure
gradient force error and how to reduce spurious
motions and satisfy various integral constraints
(e.g., angular momentum and total energy
conservation), see:

e Arakawa and Lamb (1977)

e Simmons and Burridge (1981)
e Arakawa and Suarez (1983)

e Mesinger and Janji¢ (1985)

e Janji¢ (1989)

e ... and many others



Terrain-following coordinates
Some other choices

n = U= Normalized hydrostatic-
pressure
Tlg =y
n =0 T
————
}7 1 AES
WRF Model

Skamarock and Klemp
(2008)



Terrain-following coordinates
Some other choices

Simmons and Burridge (1981)
Hybrid coordinate p/100

N

where p, = constant




Terrain-following coordinates
Some other choices

Zr-
Height-based -
coordinates with n=z, — 35 -
vertically-decaying ir TZs T
effects of topography Zg -
e Schar et al. (2002) -

e Klemp (2011) Hybrid

(MPAS model --

Skamarock et al. 2012) .
Horizontally- -

smoothed

terrain effects .
Figure from Schar et al. (2002)




Vertical discretizations

A simple example -- the hydrostatic relation

0 ¢=gz
99 _ -0 where

Rfc,
oll M-c, (ﬁ)
Po

: — A 1
bl oo v, 0 ¢k+1 ¢k = _8k+1/2 = __(6k+1 + Hk)

k+1 Hk 2

Averaged




Vertical discretizations

A simple example -- the hydrostatic relation

J0) ¢ =gz
T -0 where Ke,
K+ /2 bl Po
K mmmmmmmmmeee
K-1/2
k+3/2 0 ¢k+1 B ¢k - -0 Theta not
A v o k+1/2 averaged
k+,1/2 ____________ f Hk+1 — Hk
k-1/2 0
o A%
k-3/2 0

Alternate theta
12w staggering



Vertical discretizations

A simple example -- the hydrostatic relation
“A Tale of Two Grids”

(“CP”) grid
K+ /2 ssscecizzz Y ER Y Y /7777777777777
G — G —
K-1/2 K-1/2
k+3/2 k+3/2 0
1 mmmmmmmmeee- v, 0 Jtl mmmmmmmmeee- v
k+1/2 k+1/2 0
k —-=-mmm—-—-- v, 0 k === v
k-1/2 k-1/2 0
k-1 ------==---- v, 0 k-1 -------=---- \%
k-3/2 k-3/2 0
372 372
] mmmmmmmeee- ] mmmmmmmee-



Vertical discretizations

A simple example -- the hydrostatic relation
“A Tale of Two Grids”

Lorenz (“L") grid Linearized in p-coordinates:
e P =0 __Lig g
K-1/2 Hk+1 - Hk 2

We can have

9!
k]l ===---- ®--- Vv, 0 ' ' . ' '
f+1/2 —— Qo0 =¢, =0 1t 6,,=-6,
k- @-mmnm- v, 0
k-1/2 — : -
e e & A non-physical decoupling

fields, i.e., a computational
mode (the dynamics doesn’t
112 o “feel” the zig-zag in theta)

between the thermal and mass



Vertical discretizations

A simple example -- the hydrostatic relation
“A Tale of Two Grids”

Linearized in p-coordinates: Charney-Phillips

, , (“CP?”) grid
¢k+1 — ¢k -0 K1/ ez
- k+1/2 K emmmmemeee-
IIk+1 _Hk Kf/z
No computational 13 )
mode supported kk+11/2 ------------ v
+ 0
See: k—lf/z ____________ /
o v
* Tokioka (1978) k312 0
e Arakawa and Moorthi (1988)
* Arakawa and Konor (1996) 312




Vertical discretizations

There are many possible vertical staggerings
and choices of prognostic variables, e.qg.,

* for nonhydrostatic system there are 5
prognostic variables

* we can choose any two thermodynamic
variables from p, p, T, 0, etc.

Some have computational modes, others
don't



Vertical discretizations

Accurate representation of waves (acoustic,
inertia-gravity, Rossby) best achieved by
minimizing vertical averaging and of finite
differences over 2Az

Thuburn and Woollings (2005) analyzed
numerical normal-mode solutions of many
staggerings, choice of thermodynamic
prognostic variables, and three coordinate
systems



Vertical discretizations

Example of an optimal configuration
(z-coordinates)

Horizontal wavelength = 1000km, T = 250K, Model top at z = 10km

Numerical dispersion relation
1K 2 5 O A B

Acoustic modes

100 — o & @ > O ¢ PP e ¢ ¢ ¢ PP PR —
@ k+ 1
1021~ -
9 - © : : i kK — — — — —
= @ Inertia-gravity modes
3 104+ PP DO P DO DD DO OO D D —
& k-1
BRI SR A RPN |
] @@@@@@é@zﬁzszgggg
o8- Rossby modes |
10_10_ ......................
0 S 10 15 20
Vertical mode
Figure from Thuburn and Diamonds -- continuous solutions

Woollings (2005) Crosses -- numerical solutions




Vertical discretizations

Example of a sub-optimal configuration
(z-coordinates)

Horizontal wavelength = 1000km, T = 250K, Model top at z = 10km

Numerical dispersion relation
T T T T T T T T T T T T

102 T

100 $$$®$$4>4>4>4><P<P4><P<P<P<P -
$
N4

10721 =
@ i k — — — — — u v |p

&
L DR RIS S S NP NP S S S AP SR S P N S — 0

Frequency
9
>

<
(o))

_$$$$$$
B §P$$<ﬁ<><>

SRR
4
+

1078 - Note: Thuburn (2006)
>
om0l L SIOW .R(‘)slsb.y qu?S o + N found that this result is
0 5 10 15 20 sensitive to the form of the
vertical mode | | pressure gradient term,
Figure from Thuburn and Diamonds -- continuous solutions . . le vs. OVII

Woollings (2005) Crosses -- numerical solutions



Quasi-Lagrangian vertical
coordinates

Often used in a hybrid-coordinate combination with o
e.g., FIM (Bleck et al. 2010)

0BO307 124 36HRS pol.iemp., wind speed

—— T

” An adaptive grid
.| technigue maintains
minimum layer
thickness constraint
through a vertical
exchange of mass

. 000

65.0°N 80.0°W 15.0°N 90.0°W

Figure from http://fim.noaa.gov



Quasi-Lagrangian vertical
coordinates

Often used in a hybrid-coordinate combination with o
e.g., Konor and Arakawa (1997)

n=r(o,0)=7f(o0)+g(o)0

where
o—0 hybrid coordinate g(o)—0; 0 =0
f(@)=0, glo)—=1 o-—o0,

|

¢



Quasi-Lagrangian vertical
coordinates

Application in nonhydrostatic models:
e Skamarock (1998)
* He (2002)
e Zangl (2007)
* Toy and Randall (2009)
* Toy (2011)

Uses vertical coordinate of Konor and
Arakawa (1997) except with the addition
of an adaptive grid technique [similar to

Arbitrary Lagrangian Eulerian (ALE)
methods]



Nonhydrostatic modeling with hybrid

Isentropic-sigma coordinate
Approach of Toy and Randall (2009) and Toy (2011)

Downslope windstorm simulation -- Boulder, Co -- Jan. 11, 1972
Isentropes (colors+black lines) and model levels (bold red lines) at t = 70 min.

——— A

-100 -50 (l) 50 100
x (km) Ax =1000 m




Nonhydrostatic modeling with hybrid

Isentropic-sigma coordinate
Approach of Toy and Randall (2009) and Toy (2011)

Downslope windstorm simulation -- Boulder, Co -- Jan. 11, 1972
Isentropes (colors+black lines) and model levels (bold red lines) at t = 180 min.

Height (km)

|
0
X

-100 -50 50 100

(km) Ax =1000 m



An aside regarding the generalized
vertical velocity 1

The model solves the following system in

a generalized vertical coordinate (7)

Horizontal &ﬂ‘kxv_—lv p+1 asz
momentum D¢ 0 mon
Vertical py, 1 9p
momentum 5. —E%—g
Mass [ 9m)
continuity ka_)n +V, - (mv)+—(mn) =0
Thermc_)- 0 0 o
dynamic —+v-VO+n—==
energy ot on 11
Geopotential 9., .. V¢+77—¢ e

Starr (1945), Lin (2004)
Lagrangian vertical coordinate

® 1] can be arbitrarily specified
as long as 9z/0n >0
(monotonicity requirement)

® Our goal is to minimize it

® Note:
® N=w maintains n=2z
e =0 maintains n=o0
e 11=0=~0 maintains n =0

e Nn=c=0maintainsn=c



When necessary, flux mass vertically to
maintain smooth, evenly spaced
coordinate surfaces

mss flux
g




Passive tracer advection: Eulerian (o) vertical coordinate

720

tr2 12 z tracer concentration - 0:0:0.0
Max 1 Min O

|
Bm_ : | t=0
|

[ e e S e e e R N | 04 02002 04 08081 2
e o Tracer concentration

Tracer #2 at layer edges - 1:15:0.0
Max 1.12704 Min -0.315439

ne: TI0O SOCETTIION . 114500 720
as 1 10070 Ma S

«00- t=75min

. e 8

T T T T T
04 08 08 1 12

=3
'S
S
n
o
o
n

Tracer concentration



Passive tracer advection: Hybrid vertical coordinate

tr2.12 z tracer concentration 0:0:0.0
Max 1 Min ©
6607 '
600 l
540 I
0.. l t=0
420
360 ]
3001 I ’
240 T T T T T T T
-0.4 0.2 0 0.2 04 06 08 1 1.2
Tracer concentration
Tracer #2 at layer edges - 1:15:0.0
Max 1.13014 Min -0.141692
L ¥ TROM 20CORe” 100 720

|
L
r
- I t=75min
- Wi~

3001 w
240 T T T T T T T
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2

Tracer concentration



\Wave clouds

Hybrid vs. sigma coordinates

t =20 min
Cloud water mixing ratio Total water mixing ratio
Wetter . Max0208  Min0 | Max 1.777  Min 0.230
clouds 6F(a)/wBR|D COORD|
51 /j/’\\/xﬁ Moister
Sharper g4 -
break = 5 - Drier
2 | _
-
17 200 I
-
0
Max0.197| Min O . . Max 1.779 Min 0.228
° -(b)//leMA COORD. SIGMA COORD
5_’—,//\“\’——_
g
§’
40 2|'0 (l) 2|0 40
x (km) x (km)
Figure from 0.00 0.04 0.08 0.12 0.16 0.20g kg™ 1.02 1.06 1.10 1.14 1.18 1.22 1.26 1.30 1.34 1.38gkg"

Toy (2011)

T T [
0.10

0.14 0.18 0.22

s e N Y N I
1.00 1.04 1.08 1.12 1.16 1.20 1.24 1.28 1.32 1.36 1.40



Supercell simulation with
nonhydrostatic hybrid-coordinate

model
Ax, Ay =1 km

Cloud water Rain

<<=

http://www.vapor.ucar.edu



Vertical slice at y = 34 km -- cloud water mixing ratio, theta and hybrid-
coordinate levels

0:0:0.0
20 : | | |
15
€
=
ﬁ, 10
o)
i b
5
0 | | [
0 20 40 60 80
X (km)
Coordinate 0 9 4 6
surfaces A 0 e
1 3 5

Isentropes --=------ g kg



Vertical slice at y = 34 km -- rain water mixing ratio, theta and hybrid-
coordinate levels

0:0:0.0
20 : | | |
15
€
=
ﬁ, 10
()]
a o
5
0 x ! |
0 20 40 60 80
x (km)
Coordinate 0 4 8 12 16
surfaces 2—H:!O:_
6 1 14
g kg

Isentropes --=------



Height (km)

20

Max 1.76065

Cross-coordinate mass flux (kg m2 s') at y = 34 km
t = 30 min

Hybrid coord Sigma coord

0:30:0.0
Min -1.09927 Max 2.874 Min -0.905894

0:30:0.0

Height (km)

x (km)
20 4 -1 -0.2-0.04-0.01-1e00.02 0.1 04 2 10 20 4 -1 -0.2-0.04-0.01-1e00.02 0.1 04 2 10
-10 -2 -0.4 -0.1 -0.021e-100.01 0.04 0.2 1 4 20 -10 -2 -0.4 -0.1-0.021e-100.01 0.04 0.2 1 4

20




Height (km)

20

Cross-coordinate mass flux (kg m2 s') at y = 34 km
t = 40 min

Hybrid coord Sigma coord

0:40:1.7462298274e-( 0:40:1.7462298274e-(

Max 3.54705 Min -3.21835

Max 7.12684 Min -3.18757

Height (km)

x (km)
20 -4 -1 -0.2-0.04-0.01-1e00.02 0.1 04 2 10 20 -4 -1 -02-0.04-0.01-1e00.02 0.1 04 2 10
-10 -2 -0.4 -0.1 -0.021e-100.01 0.04 02 1 4 20 -10 -2 -0.4 -0.1 -0.021e-100.01 0.04 02 1 4 20



Height (km)

20

Max 14.3588

Cross-coordinate mass flux (kg m2 s') at y = 34 km
t = 50 min

Hybrid coord Sigma coord

0:49:59.9999999825
Min -3.01601

Max 16.6652 Min -3.27749

0:49:59.9999999825

Height (km)

-20

-10

-4 -1 -0.2-0.04-0.01-1e00.02 0.1 04 2 10

20 40 60 80

x (km) x (k)

20 -4 -1 -0.2-0.04-001-1e00.02 0.1 04 2 10

NN T [ [ [T [ T [ [
2 -0.4 -0.1-0.021e-100.01 0.04 0.2 1 4 20 -10 2 -04 -0.1-0.021e-100.01 0.04 0.2 1 4 20




Height (km)

Max 20.4193

Cross-coordinate mass flux (kg m2 s') at y = 34 km
t =1 hr 00 min

Hybrid coord Sigma coord

1:0:0.0

Min -5.17409 Max 20.0626 Min -5.07462

1:0:0.0

Height (km)

X (km) X (km)

1 -0.2-0.04-001-1e00.02 0.1 04 2 10 20 -4 -1 -0.2-0.04-001-1e00.02 0.1 04 2 10

-2 -0.4 -0.1 -0.021e-100.01 0.04 0.2 1 4 20 -10 -2 -0.4 -0.1-0.021e-100.01 0.04 0.2 1 4

20




Height (km)

Max 13.4052

Cross-coordinate mass flux (kg m2 s') at y = 34 km
t = lhr 10 min

Hybrid coord Sigma coord

1:10:1.7462298274e-(
Min -6.14813 Max 9.54552 Min -5.71077

-20

-10

-4

1:10:1.7462298274e-(

Height (km)

x (km) x (k)
-1 -0.2-0.04-0.01-1€00.02 0.1 04 2 10 20 -4 -1 -0.2-0.04-001-1€0002 0.1 04 2 10
2 -04 -0.1-0.021e-100.01004 02 1 4 20 -10 -2 -0.4 -0.1-0.021e-100.01 004 02 1 4

20




Height (km)

Max 6.39026

Cross-coordinate mass flux (kg m2 s') at y = 34 km
t =1 hr 20 min

Hybrid coord Sigma coord

1:19:59.9999999825
Min -6.50509 Max 2.78395 Min -7.80342

-20

-10

-4

1:19:59.9999999825

Height (km)

x (km) x (k)
-1 -0.2-0.04-0.01-1€00.02 0.1 04 2 10 20 -4 -1 -0.2-0.04-001-1€0002 0.1 04 2 10
2 -04 -0.1-0.021e-100.01004 02 1 4 20 -10 -2 -0.4 -0.1-0.021e-100.01 004 02 1 4

20



Height (km)

Max 4.84632

Cross-coordinate mass flux (kg m2 s') at y = 34 km
t =1 hr 30 min

Hybrid coord Sigma coord

1:30:0.0

Min -3.05164 Max 1.82328 Min -3.7474

-20

-10

-4

1:30:0.0

Height (km)

X (km) X (km)
-1 -0.2 -0.04-0.01-1€00.02 0.1 04 2 10 20 -4 -1 -0.2-0.04-001-1€0002 0.1 04 2 10
2 -04 -0.1-0.021e-100.01004 02 1 4 20 -10 -2 -0.4 -0.1-0.021e-100.01 004 02 1 4

20
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