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Unique aspects of the vertical 
dimension

• Gravity acts along it
• Atmosphere highly stratified
• Vertical motion somewhat suppressed

• Gradients much stronger in the vertical
• It’s much colder 10 km straight up (-50 C, and 

harder to breathe) than it is 10 km down the 
road

• Boundary conditions at z = zsurface and z = ∞
• Many different coordinate systems used to 

measure it



Unique aspects of the vertical 
dimension

• Distinct processes
• Convection
• Boundary layer (and interaction with free 

atmosphere)
• Radiation
• Waves



Unique aspects of vertical 
discretizations

• There’s always work to 
do
• i.e., hydrostatic relation 

must be satisfied for a 
motionless atmosphere

• Staggering 
considerations

• Boundary conditions
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Various vertical coordinates used in atmospheric models

z

Richardson 
(1922)

p

Eliassen 
(1949)

θ

Eliassen & Raustein 
(1968)

π

Laprise 
(1992)
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5 prognostic variables/equations



z-coordinates
Hydrostatic 

dynamical cores
4 prognostic variables/equations
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z-coordinates

Hydrostatic 
dynamical cores

Nonhydrostatic 
dynamical cores

Computing the vertical velocity w ≡ Dz
Dt

vs.

  

Dw
Dt

= −
1
ρ
∂p
∂z
− g

Predicted

•Hydrostatic DC’s rarely use z-
coordinates due to difficulty of w 
diagnosis.

•Examples:
      Kasahara and Washington (1967)
      DeMaria (1995)
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Richardson’s equation



Vertical coordinate transformations

Transformation rules:

z
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Generalized vertical velocity:
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Note:  Usual velocity components (u,v,w) 
retained as well as unit coordinate vectors i,j,k



Compressible Euler equations in a 
generalized vertical coordinate (η)

6 prognostic variables/equations
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Pressure coordinates
η = p

Hydrostatic 
dynamical cores

Nonhydrostatic 
dynamical cores vs.
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Vertical momentum
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+ f k × v = 1
m
∇ p z
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mass is a constant
single-term 
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ω ≡ p = − ∇ p ⋅v dp∫

Vertical velocity 
easily diagnosedVertical velocity ω 

difficult to diagnose



Hydrostatic pressure (a.k.a. mass)
coordinates

η = π

• i.e., the mass of air above a given height
• For a hydrostatically balanced atmosphere, this is the 

pressure p

  
π x, y, z,t( ) = ρ x, y, ʹ′z ,t( ) g d ʹ′z

z

∞

∫

   
π = − ∇

π
⋅ v dπ∫• a vertical velocity which is easily diagnosed as

• Whether hydrostatic or not, this gives
• a pseudo-density of constant value m = ρ dz/dπ = -g -1

• a diagnostic continuity equation
   
∇

π
⋅ v + ∂ π

∂π
= 0



Isentropic coordinates
η = θ

  
θ ≡

Dθ
Dt

=
Q
Π

• The vertical velocity is proportional to the 
diabatic heating

  
θ ≡ cp

T
Π

where Π = cp
p
p0

⎛

⎝
⎜⎜

⎞

⎠
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R cp

(Exner function)

• For an adiabatic atmosphere, the “vertical motion” is zero and 
coordinate surfaces are material surfaces (a quasi-Lagrangian 
vertical coordinate)
• This minimizes the error associated with vertical advection

• Ertel’s potential vorticity can be explicitly represented as the 
model winds lie along isentropic surfaces

• Wave momentum transport occurs via isentropic form drag as 
opposed to eddy fluxes



Isentropic coordinates
η = θ

• In nonhydrostatic models and high horizontal resolution, 
negative static stabilities and turbulence present a challenge 
(more on this later)
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Summary of vertical 
coordinate overview

Nonhydrostatic 
models

Hydrostatic 
models

z coordinate

p coordinate

π (mass) 
coordinate

θ coordinate

Suitable Not preferred
(difficulty in diagnosing w)

Not preferred
(difficulty in diagnosing ω)

Suitable

Suitable Suitable
(identical to p-coordinate)

Suitable
(challenges with fine-scale 

turbulent flow)
Suitable
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FIG. 1. The representation of a smoothly varying bottom (dashed line) in (a) a height coordinate model
using step topography, (b) a terrain-following coordinate model, and (c) a height coordinate model with
piecewise constant slopes.

1997a and 1997b), which demonstrate the applicability
of the ‘‘shaved cell’’ method to more general problems
involving topography.

2. The finite-volume method

Conservation of a scalar quantity �, with sources Q,
may be written in the general form:

�
� � � ·F � Q, (1)

�t

where F is the vector flux of the quantity �. Equation
(1), when integrated over a constant1 volume V enclosed
by the surface A, takes the form

�
� dV � F · dA � Q dV, (2)� � ��t V A V

where we have made use of the Gauss divergence the-
orem, dA � dAn is an element of surface area, and n
is a vector pointing along the outward normal of the
surface A. Thus, the variation of � inside the volume
depends only on the normal flux through the surface
that defines the volume and the source terms within it.
Equation (2) can be applied to a discrete control volume
VI ,

�
V � � F A � V Q , (3)�I I I,J I,J I I�t J

where the sum of the flux-area scalar products refers to
all the external sides J of the control volume. The dis-
crete variables are consistently defined by associating
each term in (3) with its counterpart in (2):

1 We limit the discussion here to control volumes that vary only
in space. The method can be applied to temporally varying volumes,
thereby allowing the use of both adaptive grids and other coordinate
systems such as isentropic coordinates.

� � 1
V � � � dV ! � � � dVI I � I ��t �t VIV VI I

1
F A � F · dA ! F � F · dAI,J I,J � I,J �AA AI,JI,J I,J

1
V Q � Q dV ! Q � Q dV. (4)I I � I �VIV VI I

That is, �I is the volume mean of � within the control
volume VI and similarly for QI. Term FI,J is the area
mean of the component of F normal to the side AI,J.
By adopting the definitions in (4), (3) is an exact

statement. However, more often than not, F and Q are
functions of the flow and must be found by interpolation.
For example, suppose F is an advective flux F � v�
where v is specified. The surface integral of F becomes

1
v� · dA � v · dA � dA � SGS, (5)� � �AI,JA A AI,J I,J I,J

where SGS represents terms resulting from the corre-
lation of subgrid-scale variations of � with v and will
be set to zero here. If v is known on the face, the integral
" v ·dA can be evaluated. The area mean of �, however,
must be approximated by interpolation of the volume-
mean quantities �I to the face. This is the major source
of truncation error in the discrete system

1 J 2� dA � � � O(� ��), (6)� I JAI,J AI,J

where �I
J indicates interpolation of the volume-mean

quantities to the face.
The control volumes must satisfy the following con-

straints for the system to be consistently conservative.
1) The sum of the control volumes VImust fill the whole
domain;

2) every internal surface AI,J must be common to two
adjacent control volumes; and

3) substance fluxed out of one volume must be fluxed
into the next so that net substance is neither gained
nor lost in the fluxing process.

Figure from Adcroft et al. (1997)

Representation of topography

Shaved (or “cut”) cell methods are emerging, e.g.,
• Adcroft et al. (1997)
• Steppeler et al. (2002) (DWD Lokal-Modell)
• Walko and Avissar (2008)  (OLAM model)
• Yamazaki and Satomura (2010)
• Lock et al. (2012)



Terrain-following (σ) coordinates

ps

σ    0

σ =1

σ ≡
p
pS

Phillips (1957)

Disadvantage:
• Large discretization error in 

horizontal pressure gradient 
force for steep topography

−g∇ pz = −g∇σ z −
1
ρ
∇σ p

Advantages:
• Lower boundary is a coordinate 

surface
• Simple lower boundary 

condition -- 
 p( )σ=1 = 0



Terrain-following (σ) coordinates

σ
p }δp = −ρgδz}

Δx
−g∇ pz = 0 = −g∇σ z −

1
ρ
∇σ p

0 ≅ −g∇σ z −
1
ρ
∇σ p

The discrete forms of these 
terms don’t necessarily cancel 

σ ≡
p
pS



Terrain-following (σ) coordinates

σ
p }δp = −ρgδz}

Δx
−g∇ pz = 0 = −g∇σ z −

1
ρ
∇σ p

0 ≅ −g∇σ z −
1
ρ
∇σ p

The discrete forms of these 
terms don’t necessarily cancel 

σ ≡
p
pS

For more information on the horizontal pressure 
gradient force error and how to reduce spurious 
motions and satisfy various integral constraints 
(e.g., angular momentum and total energy 
conservation), see:

• Arakawa and Lamb (1977)
• Simmons and Burridge (1981)
• Arakawa and Suarez (1983)
• Mesinger and Janjić (1985)
• Janjić (1989)
•  ... and many others



Terrain-following coordinates
Some other choices

WRF Model
Skamarock and Klemp 

(2008)

η =
π −πT

πS −πT

πS

η =0

η =1

πT

Normalized hydrostatic-
pressure



Terrain-following coordinates
Some other choices

σ

p/p0
Simmons and Burridge (1981)

Hybrid coordinate
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⎠
⎟
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−
p
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⎛

⎝
⎜

⎞

⎠
⎟,

where p0 = constant



Terrain-following coordinates
Some other choices

Height-based 
coordinates with 
vertically-decaying 
effects of topography

η = zT
z − zS
zT − zS

zT

zS

Figure from Schär et al. (2002)

OCTOBER 2002 2461S C H Ä R E T A L .

FIG. 1. Vertical cross section showing three distributions of vertical coordinates. Left-hand panels
show the full model depth (H � 25 km) with a coordinate spacing of �x � 1 km; right-hand panels
zoom into the lowermost 10 km with a coordinate spacing of 500 m. The three coordinates depict
(a),(b) the sigma coordinate, (c),(d) a hybrid coordinate, and (e),(f ) a SLEVE coordinate with a
scale-dependent vertical decay of terrain features. The domain has a length of 150 km, a resolution
of �z � 1 km, and shows the Alpine topography at 7.87�E extending from the Po valley over the
Monte Rosa massif and the Bernese Alps to the Rhine (from left to right). The coordinate formulation
in (c),(d) is based upon (11) with s � 6 km, and in (e),(f ) it is based upon (14) with s1 � 10 km,
s2 � 2 km.

x � x � x , y � y � y ,min max min max

h(x, y) � z � H, (1)
that is confined below and above by the topographic
height h(x, y) and an upper lid at height H, respectively.

Generalized vertical coordinates may then be defined
by a coordinate transformation of the form

Z � Z(x, y, z). (2)

Gal-Chen and Sommerville (1975) discuss two neces-

Hybrid

OCTOBER 2002 2461S C H Ä R E T A L .

FIG. 1. Vertical cross section showing three distributions of vertical coordinates. Left-hand panels
show the full model depth (H � 25 km) with a coordinate spacing of �x � 1 km; right-hand panels
zoom into the lowermost 10 km with a coordinate spacing of 500 m. The three coordinates depict
(a),(b) the sigma coordinate, (c),(d) a hybrid coordinate, and (e),(f ) a SLEVE coordinate with a
scale-dependent vertical decay of terrain features. The domain has a length of 150 km, a resolution
of �z � 1 km, and shows the Alpine topography at 7.87�E extending from the Po valley over the
Monte Rosa massif and the Bernese Alps to the Rhine (from left to right). The coordinate formulation
in (c),(d) is based upon (11) with s � 6 km, and in (e),(f ) it is based upon (14) with s1 � 10 km,
s2 � 2 km.

x � x � x , y � y � y ,min max min max

h(x, y) � z � H, (1)
that is confined below and above by the topographic
height h(x, y) and an upper lid at height H, respectively.

Generalized vertical coordinates may then be defined
by a coordinate transformation of the form

Z � Z(x, y, z). (2)

Gal-Chen and Sommerville (1975) discuss two neces-

Horizontally-
smoothed 

terrain effects

• Schär et al. (2002)
• Klemp (2011)

(MPAS model --
Skamarock et al. 2012)

OCTOBER 2002 2461S C H Ä R E T A L .

FIG. 1. Vertical cross section showing three distributions of vertical coordinates. Left-hand panels
show the full model depth (H � 25 km) with a coordinate spacing of �x � 1 km; right-hand panels
zoom into the lowermost 10 km with a coordinate spacing of 500 m. The three coordinates depict
(a),(b) the sigma coordinate, (c),(d) a hybrid coordinate, and (e),(f ) a SLEVE coordinate with a
scale-dependent vertical decay of terrain features. The domain has a length of 150 km, a resolution
of �z � 1 km, and shows the Alpine topography at 7.87�E extending from the Po valley over the
Monte Rosa massif and the Bernese Alps to the Rhine (from left to right). The coordinate formulation
in (c),(d) is based upon (11) with s � 6 km, and in (e),(f ) it is based upon (14) with s1 � 10 km,
s2 � 2 km.

x � x � x , y � y � y ,min max min max

h(x, y) � z � H, (1)
that is confined below and above by the topographic
height h(x, y) and an upper lid at height H, respectively.

Generalized vertical coordinates may then be defined
by a coordinate transformation of the form

Z � Z(x, y, z). (2)

Gal-Chen and Sommerville (1975) discuss two neces-



Vertical discretizations
A simple example -- the hydrostatic relation

∂φ
∂Π

= −θ
φ = gz

Π = cp
p
p0
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R cpwhere
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1
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Averaged



Vertical discretizations
A simple example -- the hydrostatic relation

φ = gz

Π = cp
p
p0

⎛

⎝
⎜
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⎠
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R cpwhere
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1
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3/2

k
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k+1
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K
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!
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v

v

∂φ
∂Π

= −θ

Alternate theta 
staggering

φk+1 −φk
Πk+1 −Πk

= −θk+1/2
Theta not 
averaged



Vertical discretizations
A simple example -- the hydrostatic relation

“A Tale of Two Grids”
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1
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3/2
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K
K+1/2
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Lorenz (“L”) grid Charney-Phillips 
(“CP”) grid
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Vertical discretizations
A simple example -- the hydrostatic relation

“A Tale of Two Grids”

v, !

v, !

v, !

1
1/2

3/2

k
k-1/2
k-1
k-3/2

k+3/2
k+1
k+1/2

K
K+1/2

K-1/2

Lorenz (“L”) grid
ʹ′φk+1 − ʹ′φk

Πk+1 −Πk

= −
1
2

ʹ′θk+1 + ʹ′θk( )

Linearized in p-coordinates:

We can have
ʹ′φk+1 = ʹ′φk = 0 if    ʹ′θk+1 = − ʹ′θk

θ′

A non-physical decoupling 
between the thermal and mass 
fields, i.e., a computational 
mode (the dynamics doesn’t 
“feel” the zig-zag in theta)



Vertical discretizations
A simple example -- the hydrostatic relation

“A Tale of Two Grids”

Charney-Phillips 
(“CP”) grid

v

1
1/2

3/2

k
k-1/2
k-1
k-3/2

k+3/2
k+1
k+1/2

K
K+1/2

K-1/2

!

!

!

!

v

v

ʹ′φk+1 − ʹ′φk
Πk+1 −Πk

= − ʹ′θk+1/2

Linearized in p-coordinates:

Text

No computational 
mode supported

See:
• Tokioka (1978)
• Arakawa and Moorthi (1988)
• Arakawa and Konor (1996)



Vertical discretizations

There are many possible vertical staggerings 
and choices of prognostic variables, e.g.,
• for nonhydrostatic system there are 5 

prognostic variables
• we can choose any two thermodynamic 

variables from ρ, p, T, θ, etc.

Some have computational modes, others 
don’t



Vertical discretizations

Accurate representation of waves (acoustic, 
inertia-gravity, Rossby) best achieved by 
minimizing vertical averaging and of finite 
differences over 2Δz

Thuburn and Woollings (2005) analyzed 
numerical normal-mode solutions of many 
staggerings, choice of thermodynamic 
prognostic variables, and three coordinate 
systems



Vertical discretizations

Example of an optimal configuration
(z-coordinates)

Fig. 1. Numerical dispersion relation (frequency in s!1) for the optimal height-coordinate configuration (wh,uvp). The arrangement of
variables on the grid is shown by the schematic underneath the main graph. Crosses indicate frequencies of numerical eigenmodes;
diamonds indicate frequencies of analytical eigenmodes. Only westward propagating modes are shown; the behaviour of the eastward
propagating acoustic and inertia-gravity modes is extremely similar to that of their westward-propagating counterparts.

Fig. 2. Numerical dispersion relation for the category 2a isentropic-coordinate configuration (wz,uvp). Other details as in Fig. 1.

398 J. Thuburn, T.J. Woollings / Journal of Computational Physics 203 (2005) 386–404

Figure from Thuburn and 
Woollings (2005)

k - !

k + !

u   v   p
w   !

k

w   !

Horizontal wavelength = 1000km, T = 250K, Model top at z = 10km

Acoustic modes

Inertia-gravity modes

Rossby modes

Diamonds -- continuous solutions
Crosses -- numerical solutions



Vertical discretizations

Example of a sub-optimal configuration
(z-coordinates)

Figure from Thuburn and 
Woollings (2005)

Fig. 1. Numerical dispersion relation (frequency in s!1) for the optimal height-coordinate configuration (wh,uvp). The arrangement of
variables on the grid is shown by the schematic underneath the main graph. Crosses indicate frequencies of numerical eigenmodes;
diamonds indicate frequencies of analytical eigenmodes. Only westward propagating modes are shown; the behaviour of the eastward
propagating acoustic and inertia-gravity modes is extremely similar to that of their westward-propagating counterparts.

Fig. 2. Numerical dispersion relation for the category 2a isentropic-coordinate configuration (wz,uvp). Other details as in Fig. 1.

398 J. Thuburn, T.J. Woollings / Journal of Computational Physics 203 (2005) 386–404

k - !

k + !

u   v   !
w   !

k

w   !

Note:  Thuburn (2006) 
found that this result is 
sensitive to the form of the 
pressure gradient term, 

i.e.,
1
ρ
∇p vs. θ ∇Π

Horizontal wavelength = 1000km, T = 250K, Model top at z = 10km

Slow Rossby modes

Diamonds -- continuous solutions
Crosses -- numerical solutions



Quasi-Lagrangian vertical 
coordinates

Often used in a hybrid-coordinate combination with σ
e.g., FIM (Bleck et al. 2010)

Figure from http://fim.noaa.gov

σ

θ
An adaptive grid 

technique maintains 
minimum layer 

thickness constraint 
through a vertical 
exchange of mass



Quasi-Lagrangian vertical 
coordinates

hybrid coordinate

Often used in a hybrid-coordinate combination with σ
e.g., Konor and Arakawa (1997)

  η ≡ F(σ ,θ) = f (σ )+ g(σ )θ
where

  

g(σ )→ 0;
f (σ )→ 0, g(σ )→1;

σ →σ S

σ →σ T

⎫
⎬
⎪

⎭⎪



Quasi-Lagrangian vertical 
coordinates

Application in nonhydrostatic models:
• Skamarock (1998)
• He (2002)
• Zängl (2007)
• Toy and Randall (2009)
• Toy (2011)

Uses vertical coordinate of Konor and 
Arakawa (1997) except with the addition 
of an adaptive grid technique [similar to 

Arbitrary Lagrangian Eulerian (ALE) 
methods]

}



Nonhydrostatic modeling with hybrid 
isentropic-sigma coordinate

Approach of Toy and Randall (2009) and Toy (2011)
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Downslope windstorm simulation -- Boulder, Co -- Jan. 11, 1972
Isentropes (colors+black lines) and model levels (bold red lines) at t = 70 min.

Δx =1000 m



Nonhydrostatic modeling with hybrid 
isentropic-sigma coordinate

Approach of Toy and Randall (2009) and Toy (2011)
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Downslope windstorm simulation -- Boulder, Co -- Jan. 11, 1972
Isentropes (colors+black lines) and model levels (bold red lines) at t = 180 min.



   

Dv
Dt

+ f k × v = − 1
ρ
∇

η
p+ 1

m
∂p
∂η

∇
η
z

  

Dw
Dt

= −
1
m
∂p
∂η

− g

    

∂m
∂t

⎛

⎝⎜
⎞

⎠⎟
η

+∇
η
⋅ (mv) + ∂

∂η
(m η) = 0

   

∂θ
∂t
+ v ⋅∇θ + η ∂θ

∂η
=

Q
Π

   

∂φ
∂t
+ v ⋅∇φ + η ∂φ

∂η
= wg

Horizontal 
momentum

Mass 
continuity
Thermo-
dynamic 
energy

Geopotential 
energy

 η

Starr (1945), Lin (2004)
Lagrangian vertical coordinate

Vertical 
momentum

The model solves the following system in 
a generalized vertical coordinate (η)

 η
∂z ∂η > 0

   η =w     maintains    η = z

  η = σ     maintains    η = σ

  η =
θ ≈ 0 maintains η = θ

   η = c ≡ 0 maintains η = c

•     can be arbitrarily specified 
as long as
(monotonicity requirement)

• Our goal is to minimize it

• Note:

•  

•  

•  

•

An aside regarding the generalized 
vertical velocity
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mass flux

 m η( )

When necessary, flux mass vertically to 
maintain smooth, evenly spaced 

coordinate surfaces



t = 0

t = 75 min

Passive tracer advection:  Eulerian (σ) vertical coordinate

θ

Tracer concentration

Tracer concentration

θ



t = 0

t = 75 min

Passive tracer advection:  Hybrid vertical coordinate

Tracer concentration

Tracer concentration

θ

θ



Wave clouds

Hybrid 
coord.

z coord.

Cloud water mixing ratio Total water mixing ratio

Hybrid vs. sigma coordinates
t = 20 min

Figure from 
Toy (2011)

Sharper 
break

Wetter 
clouds

Drier

Moister



Supercell simulation with 
nonhydrostatic hybrid-coordinate 

model
Δx, Δy =1 km

Cloud water Rain

http://www.vapor.ucar.edu



Vertical slice at y = 34 km -- cloud water mixing ratio, theta and hybrid-
coordinate levels

g kg-1

Coordinate 
surfaces

Isentropes



Vertical slice at y = 34 km -- rain water mixing ratio, theta and hybrid-
coordinate levels

g kg-1

Coordinate 
surfaces

Isentropes



Cross-coordinate mass flux (kg m-2 s-1) at y = 34 km
t = 30 min

Hybrid coord Sigma coord



Cross-coordinate mass flux (kg m-2 s-1) at y = 34 km
t = 40 min

Hybrid coord Sigma coord



Cross-coordinate mass flux (kg m-2 s-1) at y = 34 km
t = 50 min

Hybrid coord Sigma coord



Cross-coordinate mass flux (kg m-2 s-1) at y = 34 km
t = 1 hr 00 min

Hybrid coord Sigma coord



Cross-coordinate mass flux (kg m-2 s-1) at y = 34 km
t = 1hr 10 min

Hybrid coord Sigma coord



Cross-coordinate mass flux (kg m-2 s-1) at y = 34 km
t = 1 hr 20 min

Hybrid coord Sigma coord



Cross-coordinate mass flux (kg m-2 s-1) at y = 34 km
t = 1 hr 30 min

Hybrid coord Sigma coord
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